CLASSIFICATION OF OKAMOTO PAINLEVE PAIRS 
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Abstract. In this paper, we introduce the notion of an Okamoto-Painleve pair (S, Y) which 
consists of a compact smooth complex surface S and an effective divisor Y on S satisfying certain 
conditions. Though spaces of initial values of Painleve equations introduced by K. Okamoto give 
examples of O kamoto-Painleve pairs, we find a new example of Okamoto— Painleve pairs not 
listed in [Oka . We will give the complete classification of Okamoto-Painleve pairs. 



0. Introduction 

In this paper, we will introduce the notion of an Okamoto-Painleve pair (S, Y), which is defined 
as follows: 



Definition 0.1. (Cf. Definition 2.1). Let S be a compact smooth complex surface and Y = 
Sl=i a i^i an effective divisor on S. We say that a pair (S,Y) is an Okamoto-Painleve pair if it 
satisfies the following conditions: 

(i) There exists a meromorphic 1-form lu on S such that (u>) = —Y, that is, lo has the pole 
divisor Y (counting multiplicities) and has no zero outside Y . 

(ii) For alli{l<i< r), Y ■Y i = deg[Y]| r< = 0. 

(iii) Let us set D := Y re d = Y^i=i ^i- Then S — D contains C 2 as a Zariski open set. 

(iv) Set F = S — C 2 where C 2 is the same Zariski open set as in (ii). Then F is a (reduced) 
divisor with normal crossings. 

Historically, Okamoto [ Oka| ] introduced the space Mj(t) of initial values for each Painleve equa- 
tion of type Pj (J = /,... , VL) with the time parameter t, which is a noncompact complex 
surface. We can obtain a nice compactification Mj(t) of Mj(t) so that (M j(t), Dj(t)) becomes 
an Okamoto-Painleve pair, where Dj(t) = Mj(t) - Mj(t) (cf. |$T| and ]MMT[ ). Conversely, for 
each Okamoto-Painleve pair one can associate a Hamiltonian system via the deformation theory 
of p airs, a nd such a Hamiltonian system is equivalent to a differential equation of Painleve type 
(cf. |Sa-H ). 

The main purpose of this paper is the classification of Okamoto-Painleve pairs. We will classify 
Okamoto-Painleve pairs (S, Y) into seven types according to the configuration of the divisor Y G 
— Ks\. (See Theorem 2.1). One can easil y see that the configuration of the divisor Y is same 
as one of singular fibers of elliptic surfaces |Kodl|. According to the Kodaira's classification, the 



seven configurations can be denoted by II* 
dual graph of Y they can be denoted by 



III* IV* 



T* 



1%, Ii, Iq, or in the notation of the 



.Da 



i Ei,E&, EJ 7 , D 6 , D 5l 
respectively. 

It is known that there is a one-to-one correspondence between Okamoto-Painleve pairs of the 
six types E$, E7, E§, D?, Dq, D§, D4 and Painleve equations of six types Pi, Pn, Pm, Piv , Pv, 
Pvi, respectively (cf. ]Oka ], [MMT] and [ ST | ) . Though an Okamoto-Painleve pair of type L>r did 
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not appear in the list of Okamoto Oka | , we can obtain a Hamiltonian system associated to the 
pairs. Recently, Okamoto informed us that he found Painleve equations for an Okamoto-Painleve 
pair of type D7 which are special cases of Pm- Therefore, we denote this Painleve equation by 
Pjjj- In we will construct an Okamoto-Painleve pair of type D7 by blowing-up of Fo = P 1 x P 1 
with centers on the anti-canonical divisor — Kp . 

Let us discuss main ideas of classfying Okamoto-Painleve pairs. For an Okamoto-Painleve pair 
(S,Y), the surface S is the compactification of C 2 , namely S includes C 2 as a Zariski open set. 
Let F — S — C 2 . By the definition of Okamoto-Painleve pairs, F is a normal crossing divisor. 
Each component of Y rec i is also a component of F, namely, 



i=l i=l 

hence Y rec i is also a normal crossing divisor. One can easily see that the divisor Y has the same 
configuration of a singular fiber of an elliptic surface, and the number of irreducible components 
of F is 10. Therefore, the number of the irreducible components of Y re d is less than or equal to 
10. Moreover, the configuration of F must be a tree, so is Y re d- These arguments show that the 
configuration of Y is one of the types 1 for r = 9, 8, 7 and £> r _i for r = 5, . . . ,10. 

Now we will consider the classification of the configurations of normal clossing divisors F. The 
divisor F can be obtained by adding some components to Y re &. We call an irreducible component 
of F — Y Te< j j an additional component. We will classify all of configurations of F, and this gives the 
complete classification of Okamoto-Painleve pairs and also the configurations of F. 

The complete list of all normal crossing divisors F is given in §||. Each of those is a divisor with 
ten components including one of the seven Kodaira types. All configurations of F in the list can be 
transformed into the anti-canonical divisors of P 2 , Fq and F2 by blowings- up and blowings-down. 



Let us discuss the relation between our results and results of Sakai in [3ak|. Sakai defined the 



notion of generalized Halphen surfaces. By definition, a generalized Halphcn surface S is a compact 



complex surface satisfying the condition of (i) and (ii) of Definition 0.1. He related generalized 
Halphen surfaces to the discrete Painleve equations via Cremona transformations. The Painleve 
differential equations can be obtained as limits of discrete Painleve equations. Most essential extra 
conditions of an Okamoto-Painleve pair (S, Y) are that S is a compactification of C 2 and F is a 
normal crossing divisor. Our classification gives more direct correspondences between Okamoto- 



Painleve pairs and Painleve differential equations (cf. Sa-T|) 



1. Preliminary 

Let S be a compact complex surface and let — K$ denote the anti-canonical divisor class of S. 
For any divisor D on S, we denote by [D] linear equivarence class of D, and by \D\ = \[D]\ the 
linear space of effective divisors C, such that C ~ D. Here "~" means the linear equivalence of 
divisors. In this paper, we often identify the divisor class [D] with the isomorphism class of the 
corresponding line bundle [D] or the correponding invertible sheaf Os(D). 

Let us assume that there exists a normal crossing effective divisor Y G | — Ks\- Moreover, 
assume that every irreducible component of Y is a smooth rational curve. Set Y — X^<=i 
Consider the blowing-up ir : S — > S with center of P 6 Ci , and let C[ be the strict transform of 
Ci by 7r, and E the exceptional curve of tt. Note that m, > 0. By a standard calculation, we can 
obtain the following lemma. 

Lemma 1.1. If p G C\ \Ui^i ( c 'io nC *)' then 

n 

-K~=[^2m i C' i + (m io -l)E], 
»=i 



(C,') 2 = (a) 2 (i^io), 
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and 

(C' i0 ) 2 = (C i0 ) 2 -l. 

If p € Ci fl /or some i\ io); 

-K~ = [J2 ™>iC'i + (m l0 + m n - 1)E], 

i=l 

(C'rf = (C l ) 2 (i^io,h), 

and 

(Crf = (C t ) 2 - 1 (i = io.ii). 

Let F„ denote the Hirzebruch surface P(Opi © Opi(n)). We denote by / the class of fiber of 
F„, so the class of the minimal section of F„ respectively. We also set Soo = sq + nf. Then, the 
self-intersection numbers are given by 

f 2 = 0, ( So ) 2 = ~n, (s^) 2 = n. 

It is well-known that F„ can be obtained by performing several blowings-up and blowing-downs 
to P 2 . 

Now we consider the anti-canonical divisor class of P 2 and F„. Let h denote the class of lines 
in P 2 . Then, they are given as 

— K-p2 — 3h, 

-K Fn = 2s + (n + 2)f = 2 Soo - (n - 2)/. 

In this paper, we often use the formula — Kf — 2so + 2/ and —Kf 2 — 2Soo. Note that — A"p and 
— Kp 2 have complements in Fo and F2 respectively which contain C 2 as Zariski open sets. 

2. Okamoto-Painleve Pairs 
Now let us give the definition of Okamoto-Painleve pairs. 

Definition 2.1. Let S be a compact smooth complex surface and Y = a i^i an effective 

divisor on S . We say that a pair (S, Y) is an Okamoto-Painleve pair if it satisfies the following 
conditions: 

(i) There exists a meromorphic 2-form w on S such that (lo) — —Y, that is, lu has the pole 
divisor Y (counting multiplicities) and has no zero outside Y . 

(ii) For alli(l<i< r), Y ■ ^ = deg[F]| yi = 0. 

(hi) Let us set D := Y re d = Y^i=i ^i- Then S — D contains C 2 as a Zariski open set. 
(iv) Set F = S — C 2 where C 2 is the same Zariski open set as in (ii). Then F is a (reduced) 
divisor with normal crossings. 



Remark 2.1. (i) The meromorphic 2-form lu as above induces a holomorphic symplectic structure 
on S — D. 

(ii) Let Ks denote the canonical divisor class of S. The condition (i) means that K$ = [-Y] or 
-K S = [Y}. 

(in) The condition (v) implies that the reduced part D = Y rec i of Y is also a divisor with normal 
crossings. 

(iv) The spaces of initial values of Painleve equations can be written as S—D for some Okamoto- 
Painleve pair (S,Y). (See ]Oka| , |lj and flyIMT| ). 

The following is the main theorem of this paper. 
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Theorem 2.1. Let (S,Y) be an Okamoto-Painleve pair. Then we have the following assertions. 

(i) The surface S is a projective rational surface. 

(ii) The configuration of Y counting multiplicities is in the list of Kodaira 's classification of 
singular fibers of elliptic surfaces. More precisely, they are given by one of the following lists. 

(iii) All Okamoto-Painleve pairs can be obtained by blowings-up and blowings-down of (P 2 ,3H), 
where H is a line in P 2 . 
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Figure 1. 



In Figure 1, each line denotes P 1 whose self- intersection number is equal to —2, and the number 
next to each line denotes the multiplicity of corresponding component in — Ks- 



Let us start our proof with the following easy lemmas. 

Lemma 2.1. Let (S,Y) be an Okamoto-Painleve pair, then we have: 

(i) Yi = P 1 for i (1 < i < r). 

(ii) The following conditions are equivarent for i (1 < i < r). 

(a) Y ■ Y = 0. 

(b) {Y t f = -2. 

Proof, (i) It is sufficient to show that the component Fj of F is isomorphic to P 1 . We will show 
that H^F^Z) = 0. 
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We have the following isomorphisms of cohomology groups with Z-coefficients by Poincare duality. 

H l (S,F;Z) = H Z C (C 2 ,Z) 
S fl- 4 -i(C a ,Z) 

£ = 0,1,2,3 



Z i = 4 

On the other hand, consider the long exact sequence of cohomology groups for pair (S, F) 

-> ff°(F,Z) -> H°(S,Z) -» H°{S,F;Z) = 

-> H l {F,Z) -> H^S^Z) -> H 1 (S,F;Z)=0 

-» H 2 {F,Z) -> H 2 (S,Z) -> H 2 (S,F;Z)=0 

-> H 3 {F,Z) -» H 3 (S,Z) -> H 3 (S,F;Z)=0 

-» H\F,Z) H 4 (S,Z) -> ff 4 (S,f;Z)SZ 



Then we have 



Especially, 
By Poincare duality again, we have 



H l (S,Z)=H i {F,Z) (* = 0,1,2,3). (1) 
H 3 (S,Z) S H 3 (F,Z) = 0. 



H 1 (S,Z)^H 3 (S,Z)=0. (2) 

Now we consider an irreducible component Fi of F. Let F' = U%h -^fc- Then F fl F' consists of a 
finite set of points. And we have the Mayer- Vietoris exact sequence 

-» H°{F,Z) -> H (F U Z)®H°{F',Z) -» iJ°(FnF',Z) 

-> ff'ff.Z) -> H X {F U Z)@H X {F',Z) -» H {Fi n F', Z) (3) 

By^and (g) , we have i? 1 (F, Z) = 0. Since H 1 {FiC[F' , Z) = 0, we have iF(F, Z)eiF(F', Z) = 0. 
Therefore, iF(F ( ,Z) = 0. 

If the irreducible component Fj is a singular nodal curve, then H 1 (Fi, Z) ^ 0. So Fj is nonsingular, 
namely F — P 1 - 

(ii) Since Yj is a nonsingular rational curve, by the adjunction formula, we have iCs • + (i^) 2 = 
—2. Since = [— y], the conditions (a) and (b) are equivalent to each other. 

Lemma 2.2. 

ff 2 (F,Z)~0ff 2 (F,Z)=0Z[F]. 

i=l i=l 

Proof. Let F' = U fc ^i F fc . We see that iF(Fi n F', Z) = # 2 (Fi n F', Z) = 0. From the exact 
sequence (||), we have 

H 2 (F,Z)^H 2 (F 1 ,Z)®H 2 (F',Z). 
Using the argument inductively, we obtain the assertion. 

Lemma 2.3. T/ie configuration of F is a tree, that is, the dual graph of F is connected and 
contains no cycles. 

Proof. Since H°(S, Z) = H°(F,Z), the connectivity of S 1 implies the connectivity of F. To 
show that F contains no cycles, it is sufficient to show that there are no irreducible components 
Fjj , . . . , F im (to > 3) such that 

F fc nF fc+1 ^0 (fc = l,...,m-l), 

We assume that there exist such F ii: . . . , F im . Let F^ = F^ U- ■ -UF im and F^ = F^U- ■ ■UF im _ 1 . 
Since F^ and F^ 2 ) are connected, we have H°{F^\Z) = iP>(p( 2 \Z) = Z. F< 2 ) n F im consists 
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of at least two points, and let v be the number of the points of F 1 ^ n F, m . Then we have 
H°(fW n F im ,Z)^Z v (u> 2). Note that H°(F im , Z) S H°(P\Z) ^ Z. We consider the Mayer- 
Vietoris exact sequence 

-» H°(F {1 \Z) -» H°(F ( - 2) ,Z)®H°(F tm ,Z) -» ff°(F (2) n F m , Z) 

iF(F«,Z) H 1 {F^\Z)@H 1 {F im ,Z) -> .... 

If we assume ff^F^.Z) = then ^ must be one, which contradicts the fact that ^ > 2. So wc 
have iF(FW,Z) 7^ 0. Now let F< 3 > be the union of irreducible components of F which do not 
belong to F^. Namely, F = F^ U F^ 3 ). We consider the exact sequence 

iF^FZ) -► ff 1 (FW,Z)©JI 1 (F( 3 ),Z) -► ^(fWnfW.Z). 
=0 

Since fOnf' 3 ' consists of a finite set of points, we have iF 1 (F W n F< 3 ) , Z) = 0, so H 1 (F ( ~ 1 \ Z) © 
iF(F( 3 >, Z) = 0. Therefore we have iF^F^Z) = 0, which is a contradiction. This completes the 
proof. 

Proof of Theorem 2.1. (i) Since S is a compactification of C 2 , we see that S 1 is a rational surface 
by Theorem 5 of Kodaira ]Kod2| . 

(ii) Let (S, Y) be an Okamoto-Painleve pair. We know that S is a projective rational surface and 
the configuration of the dual graph of F = S — C 2 is a tree. Let F = Yl\=i be the irreducible 
decomposition of F, where I denotes the number of the irreducible c omp onents of F. Let [Fj] 
denote the class in H 2 (S, Z) dual to the class of Fj c 5. From Lemma |2.2| and ([[]), we obtain the 
isomorphism 

1 

0Z[F]=F 2 (F,Z)^F, 2 (S,Z). 

i=l 

This implies that {[Fj] | 1 < i < 1} form s an integral basis of H l (S,Z). 
From the condition (iii) of Definition |0.l| , we have 

r 

r 2 = ^a. i (y.r l ) = o. 

i=l 

Since K$ — —Y, we know that (F5) 2 = (— Y) 2 = Y 2 = 0. By Noether's formula, we have 

e(S) + (K s ) 2 = 12 X (S, O s ), 

and x(S, Os) = 1. Then we obtain 

e(S) = 2-2h(S) + b 2 (S) = 12. 
Since b\ (S) — 0, we have 62(5) = 10, and hence 



(the number of the components of F) = 10. 



Since D = Yn=i Y i c F = we nave 

r < 10. 

Since F = X^j=i ^ ^ s a connected divisor with normal crossings, the divisor D = Y re d = X^j=i ^ 
is also a connected divisor with normal crossings. To see that F/ = is connected, it is sufficient 
to show that Y is connected. By Serre duality, we have H 1 (S,Os) — H 1 (S,0(Ks)). Hence we 
have -ff 1 (S', 0{Ks)) = 0. By the exact sequence 

-> 0{K S ) -> Os -> 0, 
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we obtain the long exact sequence 

-> H (S,O(K s )) -> H°(S,O s ) -> #°(S,0y) 

-» H l (S,~0(K s )) -» H^Os) -> .... 

V v ' 

=0 

Therefore we have iZ"°(S, Oy) = #°(S, £>s) = C. This shows that Y is connected. 

Now we prove that the divisor Y" = Jw=i ci^Yi has one of the configurations in the list of singular 



fibers of elliptic surfaces (cf. Theorem 6.2, |Kodl|). First let us show that the greatest common 



divisor of {a,i} r i= i is equal to one. Since S is a rational surface with 62 (S) — 10, 5 is not relatively 
minimal. Hence S contains an exceptional curve E of the first kind, that is, E ^ P 1 and E 2 = — 1. 
Note that Jfg = [— Y]. By the adjunction formula, we have Ks ■ E + E 2 — —2 and this implies 
that Ks ■ E = — 1 and equivalently Y ■ E = 1. Since ifg = [— Y] and Y- Yi = for every irreducible 
component Yi of Y, we know that -E is not a component of Y hence E ■ Yi > 0. On the other hand, 
since we have 

r 

1 = Y ■E = Y J <Y l -E), 

i=l 

there exists an irreducible component Yi with Oj = 1. Under the condition, in order to see that 



the configuration of Y is one in the list of the singular fibers of elliptic surfaces in [ Kodl | , we can 



follow the proof of Theorem 6.2 of [Kodl . In fact, only the following conditions are needed to 
determine all of the configuration of singular fibers of elliptic surfaces: 

1. D = Y re d is connected. 

2. K s ■ Y = 0. 

3. Y • Y t = 0, for i (1 < i < r) . 



We have proved the first assertion, and the third assertion follows from Definition 0.1. The second 
assertion follows from the third assertion because Ks = [— Y]. Hence the configuration of Y is in 
the list of Kodaira. Next, we note that D = Y re d must be a divisor with normal crossings and the 
dual graph of D must be a tree. Then Y must be one of the types of E r _\ for r = 9, 8, 7 and Z? r _i 
for r = 5, . . . , 10. At this moment, we see that each irreducible component Yi of D = Y ree i is a 
smooth rational curve with (Yi) 2 = —2. 

We will show that the configurations of types Dg and D$ can not occur. Let us set Ay = 
E[=i z i Y i\ and A ^ = E]=i z i F j] - Pic(5*) ^ H 2 (S, Z). Then we have the inclusion map 

l : A Y ^A F = H 2 (S,Z). 

By this inclusion map t, Ay can be considered as a sublattice of H 2 (S, Z) and H 2 (S, Z) is generated 
by [Fj] (1 < j < 10). The intersection matrix lp :— ({F% ' Fj))i<i,j<w is the unimodular matrix 
with the signature = (1,9). On the other hand, the intersection matrix 

lY = M-Yj))l<i*<r 

has a null eigenvalue corresponding to Y because Y 2 = 0. This means that the rank of Ay is 
strictly less than ten, that is, 

r < 10. 

This proves that the configuration of type Dg does not occur. If Y is of type D$, then r = 9 and 
hence we can write F — J2^=i ^1 + ^10 ■ Since F is connected and the dual graph of F is a tree, 
we see that F10 intersects only one irreducible component Yi for some i (1 < i < 9). In this case, 
Ap = H 2 (S 7 Z) is generated by Y\, . . . , Yg and F10 where the dual graph of Y\, . . . , Y 9 is of type 
D$. Now by a direct calculation we see that the intersection matrix of {Yi, ... , Yg, F10} can not 
have the determinant — 1. Hence Dg does not occur. Then we see that the dual graph of Y must 
be one of the following types: 

Es,E 7 , E 6 , D 7 , D e , D 5 , D4. 
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Conversely, if Y is one of the types as above, we can construct Okamoto-Painleve pair (S, Y) by 
blowing up and blowing down of (P 2 , Y = 3H) where H denotes a line in P 2 . For detail, see s|| 
This proves our theorem. 

Remark 2.2. We will classify not only the configurations of Y but also F of an Okamoto-Painleve 
pair (5, Y). By using the result, one can show that S — D is covered by a finite number of Zariski 
open sets {Ui} each of which is isomorphic to C 2 if Y is not of type E$. (See [ST] and |MMT|). 

Example 2.1. We consider the case where the configuration of Y is of type D4. Namely, the 
corresponding Painleve equation is type Pyi- For more details, see ST|. At first, we take the 

,(2) 



Hirzebruch surface s[ 2 | which is obtained by gluing four copies of C 2 via following identification. 



Note that S[S = F 2 . 



U l = SpecC[x l ,y l ]=C 2 (i = 0,l,2,3) 

X = Xx, 2/0 = 1/2/1, 

x = l/x 2 , yo = x 2 (e - 222/2), (4) 
X2 = x 3) y 2 = I/2/3 

( 21 

We consider a fiber space (E^ x Byi, 7r, Byi), where Byi = C \ {0, 1}. Let us take 

e = (Ko + K\ + Kt - 1 + «oo)/2, 

where K v [y = 0,1,/, 00) are complex constants in the Hamiltonian function Hyj (cf. }ST| ). For 
any parameter / 6 Byi, we define a divisor D^°\t) on eS x /: 

£ (0) (/) = {(£1,2/1,/) S C/i x / I yi = 0} U {(a; 3 , 2/3, t)GU 3 xt I y 3 = 0}. 

Note that (L>(°)(/)) 2 = 2, and 2D^(t) £ \-K v m\. And we take four points al° } (t) E D^(t) (v = 

to 

0, 1, /, 00): 

4 0) W = {(x u yi,t) = (v,o,t)}eU 1 nD^(t) (y = o,i,t), 

- {(^3,2/3,i) = (0,0,/)} e U 3 HD^(t). 




a< 0) (t) 4°>(t) ai 0) (/) o£>(t) 



Figure 2. 



We perform blowings- up to E|J x i at ai) (/) for all / e -By/, and let -D;> (/) be the exceptional 

curves of the blowings-up at (t) for v = 0, 1, t, 00. We can take four coordinate systems (z v , w u ) 
around the points at infinity of the exceptional curves D$\t) [y = 0,1,/, 00), where 

(z u ,w u ) = ((x 1 - v)y^ 1 ,yi) (v = 0,l,t), 

(^oo, Woo) = {X3 2/3" \ 2/3)- 
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Note that we have w v = on (t) for v = 0, 1, t, oo. In order to perform the second blowings-up, 
let us take four points (t) for v = 0, 1, i, oo. 

- {(z v ,w v ,t) = (s„,0,t)} e D$\t) (i/ = 0,l,t,oo), 





a&(t) 



- D(°)(t) 
D^t) 

Figure 3. 

Let us perform blowings-up at a£\t), and denote D^\t) for the exceptional curves, respectively. 
We take four coordinate systems (Z v , W v ) around the points at infinity of D^\t) for v = 0, 1, t, oo, 
where 

(Z V ,W V ) = ((xij/f 1 - KQ)y^,y{), v = 0,l,t, 
(Zoo, Woo) = ((X3V3 1 - K oc)y 3 _1 ,y3)- 




Wo 



D?\ty 



Z x 



D?\t) 




W t 



Dil\t)- 



£)(°)(t) 



Figure 4. 
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For the strict transform of D„\t) by the blowing-up, we also denote by D„\t), respectively. Let 

(2) 

S(t) —> £W x t be the composition of above eight blowings-up for the parameter t. Then, we see 
that the configuration of the divisor 



D(t):=2D(°\t)+ J2 D P(t) 



v— 0,1-i.oo 



on S(t) is of type D4. And we see that the complements of D{t) in S(t) is covered by six Zariski 
open sets 

SpecC^W^] (u = 0,l,t,oo), 

SpecC[a;o,yo], 
Spec C[x 2 , U2\- 

Note that this example corresponds to the Okamoto-Painleve pair of type D^-{2) in our classifi- 
cation. (See §||). 

Example 2.2. We will construct the space of initial values of the Painleve equation of type Pi for 



an example of the Okamoto-Painleve pair of type E%, As we remarked in Remark 2.2, the spaces 



of initial values of Pj can not be covered by some Zariski open sets each of which is isomorphic to 
C 2 . For any t G we consider the Hirzebruch surface := E^j = F2, and take two curves 
D o(t) = {yo = 0} U {y 2 = 0} and D' (t) = {x 2 = 0} U {x 3 = 0} on £(t). Furthermore, we have to 
consider the multiplicities of each component of the anti-canonical divisor. For the surface 
we can take the anti-canonical divisor 2Do(t) + 4D' Q (t) G | — -KW{)|. Let us perform blowing-up at 
the point a (t) = {(x 3 ,y 3 ) = (0,0)}. 



D (t) 




D'o(t) 



ao(t) 



Figure 5. 



Let D\ denote the exceptional curve, and take two coordinate systems (zi,Wi) and (Zi,wi) on 
D x which satisfies Di = {z x = 0} U {wi = 0} and Zi = Wf 1 . Note that 

(zi,Wi) = (x 3 ,x 3 1 y 3 ), 
{Zi,v>i) = {x 3 y 3 l ,y 3 ). 
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Next, let us perform the blowing-up at the point ai(t) = {{Zi,W\) = (0,0)}, and denote the 
exceptional curve by D 2 (t). Take two coordinate systems (z 2 ,W 2 ) and (Z 2 ,w 2 ) on D 2 such that 
D 2 = {z 2 = 0} U {w 2 = 0} and Z 2 = W 2 l . Note that 

(z 2 ,W 2 ) = (x 3 y 3 ~ 1 ,x 3 ~ 1 yl), 
(Z 2 ,w 2 ) = {x 3 y~ 2 ,y 3 ). 



D (t) 



4 

w 2 



Q 



Di(t) 



Z2 

3 



W 2 



D' (t) 



Figure 7. 



Let P = P(t) = {{Z 2l w 2 ) = (0,0)} and Q = Q(t) = {(z 2 ,W 2 ) = (0,0)}. Let us perform blowing- 
up at the point a 2 {t) = {{Z 2l w 2 ) = (1/4,0)} = {(z 2 ,W 2 ) = (0,4)}, and denote the exceptional 
curve by D 3 (t). Note that we can consider this blowing-up by using the coordinate system either 
(Z 2 ,w 2 ) or (z 2 ,W 2 ). 

At first, we consider the blowing-up at P with the coordinate system [Z 2l w 2 ). Take two 
coordinate systems (23, W 3 ) and (Z 3 ,w 3 ) on D 3 (t) such that D 3 (t) — {z 3 = 0} U {w 3 = 0} and 
Z 3 = W3" 1 . Then we have 

f z 3 = x 3 y^ 2 - 1/4, 

I W 3 = (x 3 2/ 3 - 2 - 1/4)-^, 

and 

f Z 3 = {x 3y3 2 -l/A)y 3 \ 
\ w 3 = y 3 - 
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D Q (t) 



D 2 (t) 



D^t) D 3 (t) 
6 



D' (t) 



■23 



W 3 



Z 3 



w 3 



Figure 8. 



In the same way, we have to perform five more blowings-up, and take the coordinate systems 
(zi,Wi) and (Z i: w{) which satisfies that Di{t) — {zi — 0} U {wi — 0} and Zi = W[~ , where Di{t) 
is the exceptional curve of each blowing-up (i = 4, 5, 6, 7). Similarly, let aj (t) b e the center of each 
blowing-up. Then we have to take ai(t) as follows. For more details, see [|Oka |. 



o 3 (*) 


= {{Z 3 ,w 3 ) 


= (0,0)}, 


a 4 (t) 


= {(Z 4 ,w 4 ) 


= (0,0)}, 


a 5 (t) 


= {(Z 5 ,w 5 ) 


= (0,0)}, 


a 6 (t) 


= {(Z 6 ,w 6 ) 


= (*/2,0)}, 


a 7 (t) 


= {(Z 7 ,w 7 ) 


= (1/2,0)} 
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V = Vi 



D (t) 



D 2 (t) - 
Di{t) 



-1 2 

c 3 V3 



X3V3 

D 3 (t) 



V3 



D 5 (t) 



D 6 (t) 



D 7 (t) 



Figure 9. 



Let Y = 2D + 4D' + 3L>i + 6D 2 + 5D 3 + 4L> 4 + 3L> 5 + 2D 6 + D 7 , and D = Y red . For simplicity, 
we rewrite (xi,yi) as and set U — Spec C[x, y\. Note that 

(U; (x,y))cS-D. 

Now we consider the curve D^. Let us take the coordinate system (u, v) around the point at 
infinity of D$. Let U' be the coordinate system (U"; (u,v)) = C 2 . Note that D$ n U' — {u = 0}. 
By considering the coordinate transformations via above eight blowings-up, we have the following 
coordinate transformation between (U ; (x, y)) and (!/'; (w, v)): 

u = x^y- S -\x^y- e -\x^ + \x"y-\ (5) 
V = —x~ 2 y. (6) 
By calculating exterior derivations of u and v, we have 

du A dv — x 12 y~ 8 dx A dy. 
On the other hand, by solving the system of equations (||) and (|^) , we have 

x - a- 1 -- 2 



y = -A~ z v 

where 



2„,-3 



So, 



A = uv 6 + iu 5 + ^w 4 + i. 



a^V" = A 4 = (uv 6 + ±v 5 + f -v 4 + J) 4 . 
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IS 



Therefore, we have 

du A dv 

dx A ay — - — -. — -, — =-— . 

y [ uv 6 + 1„5 + t_ v A + 1)4 

On the other hand, note that we are denoting (xi,yi) by (x,y). By using x\ — x^ 1 and y\ 
"3 2 J/3 ( see (H))> from (||) and (||), we see that 

.-8 1-6 * -2 1.-1 



Then we have 



u = x 3 y 3 - -y 3 - -y 3 - -y 3 



c 1 r: t a 1 _o 

uv 6 + -v b + -v 4 + - = • 



From Figure 9, the curve C — {uv 6 + (l/2)w 5 + (t/2)v A + (1/4) — 0} coincides with the component 
D' (t) of the divisor Y. Note that the order of the pole at C of the 2-form dxo A dyo and the 
multiplicity of D' (t) in Y are both equal to four. Namely the afhne chart (U';(u,v)) = C 2 
intersects Y, and satisfies that U' f)Y = D' (t). 

Next, let us perform the third blowing-up (the blowing-up with center of a,2(t)), by using the 
coordinate system whose origin is Q(t), namely (z 2 ,W2). For simplicity, let us use the same 
notations (Zi,Wi), (z i: Wi), or Di as above. But we denote (u',v') for the coordinate system 
around the point at infinity of Dg. And let U" be the coordinate system (U"; (u',v')) = C 2 . Now 
we have the following results: 

u' = x~ 9 y s - 4x~ 6 y 6 - ^x~ 2 y 2 + \^^ x y 

= x 3 7 yl - 4a; 3 6 yt - \ x z 2 y\ - t^ 1 ^ 

v' = —xy" 1 

= -X3V3 1 
By the similar calculation, we have 

dx A dy — dxi A dy\ 

and 



du' A dv' 



{u'{v'f + \{v'f + {{v'Y + Af : 



u'Wf + lwf+'-iv'f + A = x-'yl 

From Figure 9, the curve C = {u'{v'f + (l/2)(w') 5 + (t/2)(t/) 4 + 4 = 0} coincides with the 
component Di(t) of the divisor Y. The order of the pole C of the 2-form dx\ A dy\ and the 
multiplicity of -Di(t) in Y are both equal to three. We see that U" DY ~ D'o(t). 

Consequently, for an Okamoto-Painleve pair of type E$, S — Y is covered by (U ; (xi,yi)) = C 2 
and ([/'; (u, «)) - C S C 2 - C (or ([/"; («', u')) " C). 

3. Okamoto-Painleve pairs of non-elliptic type 

Definition 3.1. An Okamoto-Painleve pair (S, Y) is of elliptic type if there exists a fibration 
/ : S — ► P 1 of elliptic curves such that a scheme theoretic fiber /*(oo) at oo is Y, that is, 
/*(oo) = Y. If (S, Y) is not of elliptic type, we call (S, Y) is of non-elliptic type. 

A rational elliptic surface can be obtained by blowings-up of 9 base points of a cubic pencil 
on P 2 . Actually, one can obtain an Okamoto-Painleve pairs (S,Y) of type Eg by blowings-up of 
infintely near base points of a pencil of 3 x line and a non-singular cubic curve. This example gives 
an elliptic fibration / : S — > P 1 with /*(oo) = Y, and hence (S, Y) is an Okamoto-Painleve pair 
of elliptic type. On the other hand, if one blows up 8 (infinitely near) base points of the pencil 
and blows up a point on anti-canonical divisor which is not a base points of the pencil, one can 
not obtain an elliptic fibration, so (S, Y) becomes an Okamoto-Painleve pair of non-elliptic type. 
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For each type of Okamoto-Painleve pair, one can obtain both elliptic type and non-elliptic type 
depending on the position of the points of blowings- up and blowings-down. Note that non-elliptic 
type is general in the moduli space of Okamoto-Painleve pairs of each type. 



The following porposition is shown in [3a— T 



Proposition 3.1. Let (S,Y) be an Okamoto-Painleve pair. Then (S,Y) is of non- elliptic type if 
and only if H°(S - Y, O alg ) C. (Here H°(S - Y, O alg ) ^ C means that all of algebraic regular 
functions on S — Y are constant functions.) 

4. Construction of type D 7 

Now we will construct the Okamoto-Painleve pair of type D7 by blowing-up of Fo =P 1 xP 1 on 
— Kp = 2sq + 2f. In the following figure two numbers near each solid line denotes the multiplicity 
and the self-intersection number in —K$. The broken lines denote (— l)-curves, whose multiplicities 
in F are zero. Namely, they are additional components of F. 



(2) 



(1) 



(2) 



(1) 



(2) 



-1 

(2) 



-1 

(2) 



(1) 



-1 



(2) 



-2 



(2) 



(2) 



(1) 



(1) 



"2 (1) 

-2 



(2) 



(2) 



-1 



(1) 



-2 



-2 
(2) 



-2 
(1) 



-2 (1) 

-2 



(2) 



(2) 



-2 



-2 
(2) 



-1 

(1) 



(2) 



-2 



(2) 



-2 



(1) 



(1) 



Figure 10. 
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5. Additional Components 

By definition, each Okamotc— Painleve pair (S, Y) contains the affinc plain C 2 as a Zariski open 
set and we set 

F = S-C 2 . 

We can see F as a divisor with ten components which is obtained by adding some irreducible 
smooth rational curves to Y rec i- We call such curves additional components. 

Now we will consider F counting the multiplicity rrij for the component Fj (j = 1, . . . , 10). We 
set F = Y^jLi m jFj an d Y = Y^l=i a iXi- Note that r < 10. If Fj = Y t , then we set rrij := a,. And 
if Fj is an additional component, then we set rrij =0. 

Lemma 5.1. Let C be an additional component of F which intersects Fj. Then we have C 2 — 
rrij — 2 

Proof. Note that Fj which satisfies rrij > and which C intersects exists uniquely. By the adjunc- 
tion formula, we have C 2 = C ■ Y — 2. Since C -Y ~ irij, our assertion is proved. 

Now we assume that F — Q satisfies the following condition. 

(*) Both (Fi) 2 and (F 2 ) 2 arc even numbers, and both Fx and F 2 intersect only F 3 . 



Fx 



F 2 



F 3 

Figure 11. 



Lemma 5.2. There exists no Okamoto-Painleve pairs which satisfy (*). 
Proof. We consider the determinant of the intersection matrix of F. 



dct Ip = 



(Fx) 2 

(F 2 ) 

1 1 




1 
1 

(^ 3 ) 2 * 



We see that det If must be an even number, if we expand the determinant. Namely det If ^ — 1- 
This contradicts the fact that If is a unimodular matrix with the signature 6_) = (1, 9). This 
completes the proof. 
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Lemma 5.3. There is not more than one additional component which intersects the components 
of F whose multiplicities are > 2. 



Proof. We consider additional components C\ and Ci. We assume that C\ and Ci intersect F\ 
and -F2 respectively, and that m.\ > 2 and m 2 > 2. Note that C\ ■ C2 — 0. If C\ ■ C2 ^ 0, then F 
includes a cycle. From Lemma 5.1, it follows that (Ci) 2 = mi — 2 and (C2) 2 = rri2 — 2. Note that 
(Ci) 2 > and (C2) 2 > 0. We will prove by separating into some cases. 

[i] The case where mi > 3 or m2 > 3. 

For example, we assume mi > 3. We have (Ci) 2 > and Ci ■ C2 — 0. Therefore, the Hodge index 
theorem shows that (C2) 2 < or C2 = 0. This is a contradiction. 

[ii] The case where mi = m,2 = 2. 

(1) The case where another additional component intersects Ci or C2. 

In this case, we suppose that C3 intersects Ci as an example. Then we have (C3) 2 = —2, Ci -63 = 1 
and C2 ■ C3 = 0. Now we consider a divisor A — nC\ + C3 for n E Z>2- We have A 2 = 2n — 2 > 
and A ■ C2 = 0. By applying the Hodge index theorem again, it follows that (C2) 2 < or C2 = 0. 
Thus we obtained a contradiction. 

(2) The case where another additional component intersect neither Ci nor C2. 

In this case, Ci and C2 can not intersect the same component of F by Lemma 5.2. Hence we see 
that Ci and C2 intersects the different components. Let us denote them by Fi and F2 respectively. 
Note that (Ci) 2 = (C 2 ) 2 = 0, C x ■ F x = 1, C 2 • F x = and (F1) 2 = -2. Now we consider a divisor 
B = nCi + Fi for n G Z> 2 . Then we have B 2 = 2n - 2 > and i? • C 2 = 0. This contradicts the 
Hodge index theorem. This completes the proof. 



By using the above lemmas, we will be able to give the complete list of configurations of F and 
Y C F. 

Moreover, one can also check that each pattern in the following list can be transformed into 
(P 2 , — Kp2 = 3h), (F , — K-p = 2s + 2/) or (F 2 , —Kp 2 — 2soo) by performing blowing-up and 
blowing-down to S on — Ks- Since (F ,— A"f = 2s + 2f) or (F 2 ,— Kp 2 = 2soo) can be trans- 
formed into (P 2 , — Kp2 = 3h) by birational transformations, as a consequence, each pattern can be 
transformed into (P 2 ,— Kp2 = 3h) by performing blowing-up and blowing-down of (S, Y). (This 
gives a proof of the assertion (hi) of Theorem 2.1 ,) This also shows that all of the configuration of 
F in the following list do exist. In fact, one can perform the inverse birationl transformation from 
(P 2 ,-30 to (S,Y) or (S,F). 



COMPLETE LIST OF CONFIGURATIONS OF F. 



We will give the list of configurations of F in the form of dual graphs. In each figure, we denote 
by each vertex a component with the positive multiplicity in F, and by each circle an additional 
component. The number near each vertex means the multiplicity of the component in F, and 
the number inside each circle means the self-intersection number of the corresponding additional 
component. Note that the multiplicity of an additional component in F is zero. 
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Type E 8 



?3 




1 J — • • • • • • • • 

1 2345642 
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